An effective harmonic potential for photons is achieved in a photonic crystal structure, owing to the balance of the background dispersion and a bichromatic potential. Consequently, ultracompact resonators with several equi-spaced resonances and high loaded Q factors (0.7 million) are demonstrated. A detailed statistical analysis is carried out by exploiting the complex reflection spectra measured with Optical Coherent Tomography. The log-normal distribution of the intrinsic Q-factors peaks at 3 million. The device is made of Ga0.5In0.5P in order to suppress the two photon absorption in the Telecom spectral range considered here. This is crucial to turn the strong localization of light into ultra-efficient parametric interactions.
I. INTRODUCTION
Multi-mode optical microcavities have enabled the emergence of compact optical sources such as parametric oscillators [1] and nonlinear combs [2] for quantum information [3] [4] [5] [6] and metrology [7, 8] . Efficient nonlinear interactions take place, owing to a combination of large Q factor, small modal volume and large material index [1, [9] [10] [11] . In any case, the control of the frequency spacing of the resonances is critical. As for the archetypal Fabry-Perot, the optical comb involves higher order modes in microdisks, microspheres, toroids and microrings, where the frequency spacing tends to an ideal comb and can be precisely tuned through dispersion engineering (see e.g. [2] ). Therefore, scaling down the size of resonators is challenged by the increasing role of the transverse confinement in the dispersion. This happens well before the onset of diffraction losses. Let us consider the modes of an idealized Fabry-Perot resonator with length L with frequencies: ν n = c (πn/L) 2 + k 2 t , where c is the speed of light in the material. As the mode number n decreases, the spacing will increasingly deviate from the equal spacing due to the transverse confinement k t . This is a general result, which applies to any resonator based on waves circulating in a weakly dispersive medium. The fundamental question which is addressed here is whether a comb-like mode structure could be created starting from the fundamental order mode. Clearly, this requires a radically different concept for the confinement of light in a dielectric, where the dispersion is radically different from that of the homogeneous medium. This is the case of Photonic Crystals where it was pointed out [12] [13] [14] [15] that photons near the band edge follow a free-electron like dispersion ω ≈ ω 0 + 2 k 2 /2m * , where m * is the effective mass for electrons. A line of L missing holes in a triangular lattice of holes drilled in a sub-wavelength dielectric slab creates an optical resonator described by a Fabry-Perot model with effective length ≈ (1 + L)a and the dispersion given by the underlying waveguide [16, 17] . The localisation of photons in such a system is equivalent of that of electrons in a square potential well. Consequently, levels are spaced following a quadratic rule, e.g. ω n ∝ n 2 , as shown in Fig. 1a (left). In contrast, the creation of a parabolic potential for photons would create a system equivalent to the harmonic oscillator in quantum mechanics, with rigorously equi-spaced levels. A parabolic modulation of the lattice parameters has been introduced in Photonic Crystals long ago [18] , aiming at the suppression of radiative losses [19] for high-Q resonators [20, 21] . This approach was so successful that Q factors exceeding 10 7 have been achieved [22] . This design strategy is also particularly effective with structures made of low index materials, such as SiN [23] , SiO 2 [24] or III − V semiconductors embedded in a solid state cladding [25] . In the context of opto-mechanic crystals, a parabolic modulation has been used to tailor optical and mechanical modes and it has been noted that this introduces an effective quasi-harmonic potential [26] . Higher order modes in similar structures are briefly discussed in Ref. [27] , but their frequency spacing has not been addressed. Here we demonstrate an effective harmonic potential for photons using a bichromatic photonic crystal. The experimental evidence is given through the statistical analysis of the frequency spacing of high-Q resonances over 68 cavities.
For each structure, the complex reflection spectra is measured using Optical Coherent Tomography with a resolution of 20 MHz. Moreover, each of these resonators have many, typically four modes, with loaded Q factor in the 10 5 to 7 × 10 5 range and intrinsic Q factor well above one million. Equi-spaced resonances in a very compact structure should lead to ultra-strong nonlinear interactions, particularly resonantly enhanced Four Wave Mixing and parametric oscillation. Mode Order e)
Frequency ν PhC cavity design creating the harmonic potential, the first rows of holes with period a is in blue. c) False-color maps of the fundamental mode (|Hz| 2 ) calculated by FDTD along the main symmetry axis and and its representation in the reciprocal space (inset); the color scale is logarithmic and the same for all maps. d) Extracted field amplitudes along the main axis (y = 0, z = 0) with vertical offset corresponding to the resonance νm and solutions (solid gray line) of the harmonic potential (dashed red line). e) Corresponding frequency spacing and linear fit (∆ 2 νm + ∆ν); the estimated numerical error is less than 10GHz.
The design of our resonator with a harmonic photonic potential revolves around the concept of the bi-chromatic photonic lattice recently introduced by Alpeggiani et al. [28] in the context of Photonic Crystals. It results from the superposition of two periodic lattices with periods a and a , e.g.: V (x) = V 0 cos(2πx/a) + V 1 cos(2πx/a ). This system provides a non trivial localization mechanism [29] which has been investigated in the context matter waves [30] . Vanishingly small radiative losses have been predicted in photonic crystal cavities based on a bichromatic lattice, while the mode volume is still close to the diffraction limit [28] . A crucial insight is the nearly perfect Gaussian envelope of the fundamental mode, which is consistent with an effective harmonic photonic potential. In contrast to Refs. [28, 31] , where the cavity is created by changing the period of a line of holes (and by reducing their radius), here we modify a missing line defect waveguide by setting the period of the first rows of holes to a = 0.98a, with a = 485 nm (Fig.1b) . The two rows are further displaced inwards by ∆s = 0.015 √ 3a. The PhC structure is based on a lattice of holes with radius r = 0.27a etched in a 180 nm thick slab of Ga 0.5 In 0.5 P [32, 33] with refractive index 3.17. The modes of the resonator are calculated by the Finite Difference in Time Domain method with resolution up to a/50 and sub-pixel-smoothing ensuring an absolute accuracy of about 100 GHz and a relative accuracy (frequency difference) of a few GHz. The field distribution of the fundamental mode (Fig.1c) follows a Gaussian envelope along the main axis x. This is consistent with the representation of the mode in the reciprocal space; there the normalized amplitude drops below the -60 dB level in the light circle, implying that radiation losses are extremely small [19, 34] . Consistently, the calculated Q factor is well above 10
7 . There are at least 6 other higher order modes forming a regular comb, spaced by ∆ν ≈ 450 GHz (Fig 1e) . The envelope (Fig 1d) of these modes (|H z (x, 0, 0)| along the axis of symmetry is compared with the well known [35] solution (Hermite-Gauss functions) of a free electron in a harmonic potential V (x) = ν 0 + ∆ν/2 + α∆νx 2 /2, with α = 0.25µm −2 . The agreement of both the calculated resonances and fields is almost perfect, therefore the PhC structure implements a harmonic photonic potential. We have calculated the eigenvalues of the AubryAndré [36] or Harper Hamiltonian for the bichromatic potential [29, 37] . It is found that the eigenvalues are not evenly spaced, when the potential takes the simple form ω 2 + ∆ cos(2πβl), as proposed in Ref. [28] ; rather, their spacing is constantly decreasing with increasing mode order (∆ 2 ν < 0). This approximation does not explain the effective harmonic potential. We speculate that its origin is intimately related to the structure of the photonic crystal. Also, we note that the tight binding (TB) approximation underlying this model might not be adequate. Interestingly, it was pointed out that the TB model is not adequate to describe coupled photonic crystal cavities [38] . This point is further discussed in the Appendix. Changing the commensurability parameter β = a /a primarily affects the volume of the modes, as discussed in ref. [28] , but can also be used to control the mode spacing, which is a desirable feature. In other words, the harmonic potential seems to be a rather robust feature of the bichromatic design, as will be apparent in the next section discussing experiments.
III. EXPERIMENT
Two nominally identical copies (A and B) of a chip have been fabricated using a standard process for III-V semiconductor alloys. The radius of the holes is varied according to the law r = (0.0025l + 0.27)a with l = −10, −9, .., 6. The resonators are side-coupled to a single-ended waveguide spaced by m = 6 or m = 5 rows from the cavity, as shown in Fig. 2a . The coupling waveguide is throttled on the right hand side in order to prevent further propagation. A total of 68 resonators, all functional, have been obtained. The detection of high-Q resonances is not trivial. The straightforward procedure is to observe the light scattered out of the cavity with an infrared camera or a detector [39] and detecting the peaks. Care must be paid to avoid unwanted scattered light, while sensitivity might be an issue if the power level has to be limited to avoid nonlinear effects. Sensitivity is improved using optical homodyne detection [31] . Here, we analyze the complex reflectivity amplitude from the input waveguide of the device. This approach has some desirable peculiarities: first, it only requires access from the input channel, which is designed for a low-loss (< 3dB, owing to an inverse taper [40] ) coupling to a fiber. Moreover, the simultaneous fitting of the phase and the amplitude with a zero/pole function allows the extraction of both the loaded and the intrinsic Q-factors while the phase signal provides an unambiguous discrimination of the under, over and critical coupling regimes. This will be discussed in the next section. The complex reflectivity amplitude can be obtained using Optical Low Coherence Reflectometry (OLCR), which has been used to characterize photonic devices and ring resonators in particular [41, 42] . We used OLCR to measure the dispersion and disorder in PhC structures [43, 44] . Here we use Optical Coherent Tomography (OCT), which is well known in medical imaging [45] ). OCT is based on a continuously swept laser source, instead of a partially coherent source, which removes the need of a movable mirror. This also implies a much larger spectral power density which is particularly useful for narrow linewidth measurement. The absolute frequency accuracy of the laser used here (Santec TSL 510C) is better than 1 GHz. As shown in Fig. 2b , the instantaneous wavelength during the sweep is measured using a reference Michelson interferometer (shaded area) which is here made unbalanced using L 2 = 5 m of single mode fiber (SMF). Consistently with a reflection measurement, the main interferometer is arranged in the Michelson configuration with the sample coupled at the end of one arm. The interference signal is detected by a balanced photodetector (Thorlabs PDB450c) and then acquired with a ADC card (AlazarTech 460) triggered by the signal generated by the reference interferometer. This ensures that the data samples are evenly spaced in frequency. We operated our own OCT system with a sweep time of a few seconds over the C+L bands (1510 nm to 1630 nm) and obtained a spectral resolution of about 20 MHz. A time-frequency spectrogram (Fig.2c) is obtained by ap-plying a sliding filter with a suitable window to the interferogram and then by Fourier transforming [43, 46] . This reveals the arrival time of the light after propagation in the input waveguide from which the dispersion can be identified and extracted [47, 48] . It also reveals the disorder-induced scattering. Finally, the cavity resonances are clearly visible as long decay lines. In Fig.2c , more than 10 resonances are apparent and clearly distinguishable from accidental resonances due to disorder near the waveguide band edge (189-192 THz). The power level used in this experiment (≈ 100 nW) is low enough to avoid any nonlinear effect in the cavities, including thermo-optic effects. Nonetheless, the dynamic range remains remarkably large (>> 60 dB).
IV. SPECTROSCOPY USING COMPLEX REFLECTION SPECTRUM
The complex reflection spectrum r(ν) is shown in Fig 3a for a representative resonator (∆r = 0.015a and m = 6). Resonances appear as dips in the amplitude signal and as peaks or dips in the group delay. In contrast to the amplitude signal, the group delay is virtually zero outside the resonances, therefore making their identification unambiguous. Moreover, the lineshapes of the group delay are symmetric, ruling nonlinear effects out. The spectral separation (Free Spectral Range) ∆ν between the modes is about 430 GHz. The measured second order difference ∆ 2 ν j = ν i+1 + ν i−1 − 2ν i corresponds to the frequency mismatch for degenerate four wave mixing. The Q-factors associated to internal losses (Q 0 = ω/Γ 0 ) and coupling (Q c = ω/γ) are extracted (Fig. 3b) by fitting the amplitude and the group delay near the peaks using a pole-zero function r(ν) = 2πν−z 2πν−p . Following the fundamental mode, four other resonances are found, all with loaded Q factor ranging from 10 5 to about 7 × 10 5 . The estimated intrinsic Q factor for the three first resonances is in the 10 6 −10 7 range. Let us consider three representative cases: over-coupled resonances (modes 0 and 1), close to critical coupling (mode 2) and undercoupled (mode 3). In all cases, the amplitude and the group delay are very well approximated by the zeropole function. Moreover, it is apparent that in the case of strongly over-coupled modes, the group delay is negative and small (modes 0 and 1), it increases near the critical coupling (mode 2) and changes sign when becoming under-coupled (modes 3 and 4), exactly as expected from theory (Fig 3b. A very important question is whether such large Q factors are accidental or reproducible. Therefore, measurements have been performed over 34 resonators and summarized by histograms in Fig. 4 describing the occurrences of the Q factors for the first four modes. A log-normal distribution P = exp(−[log(Q/Q m f )] 2 /σ 2 Q ) is apparent for the measured intrinsic Q factors, with the most frequent value Q mf decreasing from 2.9 × 10 6 for the fundamental order mode to 3 × 10 5 for the fourth order mode. The calculated Q factors for the uncoupled waveguides are well above 10 7 for the first 4 modes and for any of the values of the radius of the holes considered here. Thus, intrinsic radiative losses play no role here. On the other hand, we estimate residual [49] and nonlinear absorption to be negligible up to Q factors of several millions. Thus, the statistics measured here should be dominated by disorder. The understanding of disorder in two dimensional photonic crystals has progressed remarkably in the last years owing to several theoretical [15, 50, 51] and experimental studies, particularly focused on the mechanisms of Anderson localisation [12] in disordered waveguides [52] [53] [54] [55] . Based on the calculations [56] for heterostructure cavities and related experiments [57] , we estimate the roughness σ d ≈ 0.002a ≈ 1 nm, (σ d being the magnitude of the random fluctuations), which is slightly larger than in Silicon. Very recently, comparable Q factors have been reported on a bichromatic PhC cavity made of Silicon [31] based on a different design, where the overlap of the field with the holes is stronger. This might have an impact on the measured Q factor. Existing literature provides some insights to understand the origin of the log-normal distribution of the intrinsic Q factor. First, such distribution is predicted in Ref. [51] for spontaneously localized modes in disordered waveguides. Moreover, it has been shown that these modes extend over a minimum of 6µm [54] , which is reasonably close to the size of the modes of the harmonic potential (Fig. 1c) ; on the other hand, a dependence of the disorder induced radiative leakage on the spatial size of the mode has been observed [55] . Therefore, we expect that our intentionally localized modes inherit similar statistical features regarding disorder induced losses. We conjecture that considering the intrinsic Q factor removes the dominant contribution of the deterministic loss channel which is the input waveguide, and therefore this is close to the situation considered in Ref. [51] . It is worth noting that a log-normal distribution also describes the statistics of the emission rates of colloidal quantum dots randomly placed inside a T iO 2 inverse opal [58] . The loaded Q factor, in contrast, follows a normal distribution, and it appears insensitive of the radius of the holes, as expected from FDTD calculations. This is in line with Refs. [56, 57] . Given the peculiar spatial structure of higher order modes in a harmonic potential, it is less straightforward to apply the theory above to explain the observed dependence of the intrinsic Q on the mode order, while theory predicts very large Q for all these modes in absence of disorder. Also the origin of the very different spread of the intrinsic Q factors with the mode order is unclear. A possible hint might come from Ref. [55] . We now analyse the measured spacing of the resonances with respect to the ideal case of a frequency comb and to what extent it is possible to control it, in analogy to what is made with other kind of resonators. Let us first consider, as an example, a cavity with parameters ∆r = 0 and m = 6 (Fig. 5a) . The seven modes, with intrinsic Q factor up to 3 × 10 6 , are fitted with a second order polynomial ν m = p(m) = ν 0 + ∆νm + ∆ 2 ν/2m 2 . This defines the frequency ν 0 of the fundamental order mode, the free spectral spacing ∆ν, the dispersion ∆ 2 ν and the norm of the residuals δν = |ν m − p(m)| of the fit. This measurement has been performed over all the 68 fabricated resonators and the result is summarized in Fig. 5b . δν varies over the samples and in some cases is close to a few GHz. Importantly, the distribution of δν clearly follows a normal distribution (Fig. 5c) . Therefore, we ascribe the deviation of the resonances from the fitting potential to the structural disorder. This also indicates that the parameters extracted through a fitting polynomial are much less sensitive to the fabrication disorder and therefore reflect the underlying dispersion of the resonator. It is interesting to compare with the statistical measurements performed on individual resonators made with arguably the best fabrication process for PhCs [57] , where a standard deviation of about 40 GHz is reported. The smaller width σ = 15 GHz of the distribution in Fig. 5c is explained by the fact that δν describes frequency intervals within the same resonator, hence correlated. On the other hand, the peculiar distribution of the modes of the harmonic potential, overlapping partially, suggests that these correlation are not as strong as in other resonators. A clear trend is observed for ν 0 and ∆ν in Fig. 5b , which is in very good agreement with FDTD calculations. Subtle features are guessed from the correlated deviations of the experimental points. This is even more visible in the plot of the dispersion. We conjecture that these features, not predicted by calculations, could be related to Moiré effects due to the finite resolution of the e-beam. The most important point is that the fitted parameter |∆ 2 ν| is in general smaller than 20 GHz, with several data points much closer to zero and small residuals δν as well. Considering, instead, the direct measurements of ∆ 2 ν j , there are a few experimental points as small as 1 GHz. This corresponds very well with the calculated dispersion (blurred line in Fig. 5b ) crossing the zero as the radius of the holes is changed. Therefore, at some point, ∆ 2 ν turns slightly positive which would correspond to anomalous dispersion in a ring resonator, hence achieving the favorable configuration for parametric oscillation and comb generation. Finally, most of the resonators have four high-Q modes, but more modes are not rare (Fig. 5d) . From a more practical point of view, a control on the resonances is highly desirable and only requires a spectral displacement of about ten GHz, which could be obtained by a local temperature change of about 1 K. This should be fairly easy, given the peculiar localization of higher modes (Fig 1) . The individual control of the modes in a chain of coupled PhC resonators issued from the same technology (GaInP ) has been demonstrated over a much broader tuning range using holographic techniques to induce a well controlled thermal gradient [59] . An implementation of the concept more appropriate for applications would exploit the Joule effect in close electric paths [60] .
VI. CONCLUSION
Through the concept of bichromatic lattice, we have implemented an effective harmonic potential in a photonic crystal resonator and observed the clear signature of "comb" of equi-spaced resonances, starting from the fundamental order mode. This is fundamentally different from Fabry-Perot, ring resonators or whispering gallery modes, which are highly over-moded. Measurements have been performed using the Optical Coherent Tomography, which gives access to the complex amplitude of the reflected signal. We show an accurate and reliable measurement of the frequency spacing and of both the loaded and the intrinsic Q factors. The statistical analysis, carried over 68 resonators, concluded into a lognormal distribution of the intrinsic Q factor, with most frequent value close to 3 million in a III-V semiconductor structure. The dispersion of the resonator is extracted through a polynomial fit, with residuals following a normal distribution. The main result is that the dispersion is small and crosses zero as the radius of the holes is changed. Many structures with very high-Q resonances and close to ideal frequency spacing are found. Also considering that the mode volume is about 0.9(λ/n) 3 , the power threshold P th for parametric oscillation should be quite small. Based on a calculated nonlinear interaction volume V F W M ≈ 25(λ/n) 3 and using the formula: P th ≈ εrV F W M ω 4c0n2Q 2 valid for overcoupled pump and the average loaded Q for the first 3 modes in Fig. 4 leads to an prediction of P th ≈ 30µW . Moreover, it is expected that nonlinearity would compensate a residual positive mismatch ∆ 2 ν, a mechanism which is well known in high-Q resonators [1] . Our prediction for the threshold of parametric oscillation is to be compared with the state of the art, e.g. 300 µW in R ≈ 100 µm SiN ring resonators [9] or 3 mW in AlGaAs devices [10] . This low threshold is remarkable also considering that the nonlinearity n 2 of GaInP is about half that of AlGaAs. The envelopes reveal the characteristic distribution of a harmonic oscillator, where the field distribution takes the role of the density of the probability. Alpeggiani et al. [28] have derived a Tight-Binding (TB) model of a Photonic Crystal cavity with a bichromatic lattice:
here c l describes the amplitude of the Wannier wavefunctions on each site l of the discretised structure. There, it is also shown that this model reduces to the Harper / André-Aubry Hamiltonian which describes a bichromatic potential [29, 37] . It is assumed that the hopping parameter is constant J j = J and that the potential is approximated by: ω 2 l ≈ ω 2 0 + ∆ cos(2πβl), with β = a /a the commensurability parameter. We now apply this model to the photonic crystal structure considered in our work. The first 8 eigensolutions ν are shown in Fig. 7 . The parameters of the model are chosen to fit the field distributions corresponding to 6 and also shown in Fig. 1c 
THz.
As shown in Fig. 7a , the eigenfrequencies are not equispaced, the spacing decreasing monotonically by about ∆ 2 ν=20 GHz. The approximation of a sinusoidal potential is clearly not adequate to account for the flat dispersion ∆ 2 ν → 0 calculated for the PhC cavity. A better match is obtained by adding a second order correction (with inverse period 2β) to the potential: ω 2 l ≈ ω 2 0 + ∆ cos(2πlβ) + ∆ 2 cos(4πlβ), with ν 0 = 203T Hz, ∆/J = 0.7, J = 0.038(2πc 0 /a) 2 and ∆ 2 /J = 0.065. Therefore, the harmonic photonic effective potential demonstrated in bichromatic PhC does not seem to stem from a general property of the Harper / André-Aubry Hamiltonian, rather, it is seemingly an unexpected property of PhC crystals with the bichromatic design. What is remarkable here is that this property results from a design which is entirely described by a few parameters: β, the radius of the holes of the PhC lattice, the refractive index and the thickness of the dielectric slab. Moreover, the harmonic potential seems only to depend on the index contrast, as the other parameters have a small influence on the dispersion.
